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An interaction coefficient of relevance to the thermodynamics of three-component systems has been calculated by the 
use of free-volume theory. The system examined consists of a macromolecular component in a solution of two smaller 
molecules. The results are of particular significance in connection with the attempts made to measure the hydration of 
biological macromolecules by their sedimentation in mixed solvents. An equation for the density of zero sedimentation 
rate is developed which predicts values of this density lower than the reciprocal of the partial specific volume of the macro-
molecular component, even though only the relative sizes of the molecules are taken into account. The relation of the re
sults to other physical methods currently used in the study of macromolecules is also briefly discussed. 

The sedimentation of macromolecules of biologi
cal origin in binary solvents, chiefly sucrose-water 
solutions, is frequently used as a measure of the hy
dration of the macromolecule.2 The experiments 
consist of measuring the sedimentation constant of 
the macromolecule, e.g., tobacco mosaic virus,3 in a 
series of sucrose solutions of increasing density. A 
linear relationship is usually obtained when i)S, the 
product of the sedimentation coefficient and the 
viscosity of the solution, is plotted vs. p, the density 
of the solution, enabling extrapolation to a density 
P0 corresponding to s = 0. The density p0 is fre
quently assumed to be the "density" of the hy-
drated macromolecule, allowing calculation of the 
amount of water of solvation by comparison with 
the dry "density" of the macromolecule, i.e., the 
reciprocal of the partial specific volume of the dry 
material. I t has recently been proved,4 however, 
that one can only measure what might be called the 
"preferential adsorption" of water by such experi
ments. Thus, suppose one sediments a virus in a 
mixture of sucrose and water and a mole of virus 
binds (km + w) moles of water and km moles of 
sucrose, where m is the number of moles of water in 
the centrifuge cell, M3 is the number of moles ̂ of su
crose and k is a proportionality constant. For w and 
k > 0 this represents a situation in which the macro
molecule "binds" some water and sucrose in the 
ratio making up the bulk solution (i.e., kn\ and km) 
and some additional water, w, in excess of this ra
tio. The value of p0, however, is a measure only of 
w, no matter how large k is, hence, only if the value 
of k were known would it be meaningful to speak of 
the total hydration of the macromolecule. 

Ultimately, hydration is a defined quantity2 de
pendent—whether specifically stated or only im
plied—on the experimental method used to define it. 
This is the source of most of the ambiguities en
countered in discussions of hydration. The nature 
of the ambiguity is easily illustrated. In principle, 
one can say that every molecule of water in a beaker 
of water containing a single virus molecule is 
"bound" to the virus since it is known that dipole-
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dipole forces of attraction exist between the virus 
and water. These forces, to be sure, are significant 
only at short ranges and for this reason any such 
definition of hydration could well be considered 
misleading. On the other hand, it can be equally 
misleading to speak of water in the immediate 
neighborhood of a virus particle as hydration unless 
the neighborhood is well defined. 

The dilemma can be avoided by discarding the 
question "How can one measure the hydration of 
large molecules and asking, instead, "What does 
the experiment measure?" In the case of equilib
rium or quasi-equilibrium studies of macromole
cules in binary solvents recent developments in the 
theories of sedimentation,6'6 light scattering,7'8 os
motic pressure9 and equilibrium dialysis permit the 
second question to be answered readily. In particu
lar, the sedimentation velocity theory developed 
by Wales6 allows analysis of three-component sys
tems in general thermodynamic terms without ex
plicit use of the concept of hydration. In this pa
per, Kauzmann's suggestion10 that the observed ef
fects may arise from the relative sizes of the mole
cules will be explored with the help of free volume 
theory.11 

Theory 
The behavior of a sedimenting macromolecule at 

infinite dilution in a binary solvent is described by6 

f'vs = M1 (1 - ?iP) + aM3 (1 - f3P) (1) 
where 
a ==(,Z>mi/d)n2)T.p,p, = — (i>n)/dm2)T.i'/(dn3/'diH3)r,p (2) 

The subscript two refers to the unsolvated macro
molecule, the subscript three to either of the other 
components (conveniently, to the one present in 
the least amount), and the V\, M\ and rm are the 
corresponding partial specific volumes, molecular 
weights and molalities. The subscript one will 
refer to the solvent usually present in greatest 
amount, in our case, water. In partial derivatives 
differentiated with respect to the molality or the 
number of moles of one of the components it will be 
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understood tha t the corresponding quantit ies for 
the other components are to be held constant. T is 
temperature, P, pressure, Ms is the chemical poten
tial of component three andfy' is the friction con
s tan t of the macromolecular hydrodynamic unit. 
Alternatively, fy' may be regarded as the friction 
constant of the macromolecule subject to whatever 
forces exist between it and the other components of 
the solution. Equat ions 1 and 2 make it obvious 
tha t any kind of interaction between the compo
nents which affects the chemical potential of com
ponent three, whether it influences the partial mo
lar entropy or heat of mixing (or both) will affect 
the sedimentation of the macromolecule. Using a 
superscript zero to denote s = 0, eq. 1 gives 

- « » = M2(I - V2P
0)/M3(I - V3P°) (3) 

from which it can be seen tha t if the Mi and V1 are 
available the problem of calculating p0 is reduced 
(with an exception to be discussed) to the problem 
of finding a suitable form for the chemical potential 
of component three. 

The experimental results of Schachman and Lauf-
fer3 on centrifugation of tobacco mosaic virus in 
sucrose-water solutions and serum M1M2ViC 
albumin-water solutions showed P° = - 1 7 . 

albumin V1V3[V3[M1 

fraction in solution and AH3 = [S(AHM)/dn3]T,p 
where AHM is the heat of mixing of the three com
ponents. To assess the effects of size alone on a 
we can impose the condition AHM = 0. Less re
strictive conditions giving the same results are 

(SAHiZSm2)T,P^ T(dAS3/dm2)T.p 

and 
(dAHs/dm3)T,p<^. T(£>AS3/<>m3)r.p 

Equation 7 then gives, a t infinite dilution of the 
macromolecule 

U1^3V2(V1 - V3) + n3V\ 
"• U1V3V1(Vi - V3)+ U1Vl ( 8 ) 

from which the dependence of a and 5 (eq. 1) on the 
relative sizes of the molecules and the dependence 
of a on the concentration of component three are 
apparent. In order to solve for p0 one can use 
equation 2 and the relations 

Wj/ws = -M3(I - V3PO)ZM1(I - V1P
0) and 

V3 = V3(I- V1P°)/(V3 - V1) (9) 

valid a t infinite dilution of the macromolecule. 
These give, ignoring the difference between specific 
and partial specific volumes 

-V2) + M2M3V3(V2 - V3) + M3MiV3(V3 - V1) 
(10) 

t ha t p0 in the serum 
water solutions was about 1 1 % lower than the re
sult in sucrose-water solutions. Kauzmann sug
gested tha t this difference arose from the relative 
sizes of sucrose, serum albumin and water and con
structed what amounted to a rough distribution 
function of the two non-virus components in the vi
cinity of the virus indicating tha t the "average den
si ty" close to the surface of the virus could be less 
than the macroscopic density of the solution. 
Kauzmann ' s suggestion can be implemented by the 
use of the free volume theory of multicomponent 
systems.11 For the entropy of mixing of n\ moles 
each of three components of free volume V{ one 
can write 

ASM = - i ? S » i l n 0 i (4) 

where 
<£i = «iF|/S»iF[ (5) 

and the sums extend over all components. 
By ignoring any relative size differences among 

the molecules and taking all the free volumes to be 
equal one obtains the entropy of mixing of an ideal 
solution. More generally, although the effects of 
relative sizes tend to be exaggerated,12 one may 
take Vf proportional to V\, the molar volume. Dif
ferentiation of eq. 4 with respect to W3 then gives the 
partial molal entropy of component three and, 
therefore, the chemical potential of component 
three, if t he partial molal heat contents are known, 
since 

AW = AJ?3 - TAS3 (6) 
The result is 

A/M = AH3 + RT [In v3 + 1 - (f*/x3)] (7) 

where AjU3 = ju3 —]i\; m is the chemical potential of 
component three in the solution and $ the chemical 
potential of the pure component; <p3 is its volume 
fraction (defined by n3Vz/"Zn1V1) and X3 its mole 

(12) J. H. Hildebrand and R. L. Scott, ref. 11, chap. 6. 

M2) + V2(M3 - M1) + Vi(M2 - M3)] 

For the systems with which we are concerned, 
M3, M1 -C M? while the V1 are all of the same order 
of magnitude. Hence, to excellent approximation 

(M3ZV1)(V2 - V3) -
J- (M1ZV3)(V1 - V2) 

P- = (11) M3( V2 - V3) + Mi( V1 - V2) 

a result dependent on the "density," 1/F2, of the 
macromolecule bu t not on its molecular weight. 
Had the chemical potentials of ideal solutions been 
used the result would have been 

p° = (M2 - M1)Z(V2 - Vi) ~ M2ZV1 = 1/F2 (12) 

which can also be obtained from equation 10 by as
suming Vi = V3. 

Application of equations 11 and 12 to the da ta 
recently compiled by Lauffer and Bendet2 gives the 
results shown in Table I. Sucrose was used as the 
third component in all cases; and the value V3 = 
0.645 used in the calculations. With the exception 
of T-2 bacteriophage where agreement between p", 
(eq. 11) and experiment is satisfactory, the table 
shows tha t the experimental results lie between p0 

calculated from ideal solution laws and p0 calcu
lated from free volume theory. Although the rela
tive size effects tend to be exaggerated i t is clear 
tha t the simple free volume theory in which free 
volumes are considered proportional to molar vol-

TABLB I 

COMPARISON OF THE PREDICTIONS OF FREE VOLUME THEORY 
AND EXPERIMENT" 

Macromolecule 
Tobacco mosaic virus 
Southern bean 

mosaic virus 
Influenza A virus 
Vaccinia virus 
T-2 bacteriophage 

V, 
0.73 

.69 
.82,0. 
.75 
.66 

75 

eq. 12 
1.37 

1.45 
1.22, 1. 
1.33 
1.52 

33 

P 0 

expt. 
1.27 

1.23,1.26 
1.18 
1.17 
1.27 

P> 
eq. 11 

1.08 

1.12 
1.02,1.06 
1.06 
1.30 

" The data are taken from the article previously cited, 
ref. 2 . Double entries appear when two values were given 
in this article. 
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umes is successful in predicting values of p0 which 
are less than 1/ V2. In the case of T-2 phage, agree
ment between theory and experiment is good and 
the fact that p0 ~ 1 /V2 is anticipated _by equation 
11 for, when V2 ~ V3, p

0 = 1/F3 = 1/F2. 
The simple theory given also supports Sved-

berg's13 and Sharp's14 method of determining the 
partial specific volume of viruses and proteins by 
measurement of sedimentation constants in the 
presence of increasing quantities of D2O in H2O. 
Sharp's tacit assumption of a ~ 0 is supported by 
eq. 1 and 8 since, when F1 = F3, a reduces to w3/«i 
making the second term on the right-hand side of 
eq. 1 negligible compared to the first. 

Discussion 

Experiments of the kind discussed are commonly 
interpreted as arising from hydration of the macro-
molecule. A recent example,15 in the case of T-2 
bacteriophage, is the statement that if sucrose does 
not change the bacteriophage in any way, the water 
of hydration (calculated from p0 and the partial 
specific volume of dry phage) is also the value of 
the water of hydration of the phage in water. Since 
free volume theory predicts values of p0 ^ 1/ F2 on 
the basis of entropy effects arising solely from the 
relative sizes of the molecules, this statement can
not be considered valid. 

Similar effects in three-component systems of the 
type described can be anticipated in light-scatter
ing and in equilibrium dialysis. Thus, since su
crose has a positive refractive index increment and 
a < 0 at accessible values of sucrose concentration, 
the intercept of a plot of Kc2/Rw vs. C2 may be ex
pected, according to the theory of Kirkwood and 
Goldberg7 and Stockmayer,8 to be higher in concen
trated sucrose solutions than in water or dilute 
buffer. In equilibrium dialysis the molality of the 
third component inside the dialysis bag (when the 
charge on the second component is negligible) is 
given16 by m3 = mj + Dm2 where m3 is its molality 
outside the dialysis bag, m2 is the molality of the 

(13) T. Svedberg and I. B. Eriksson-Quensel, Nature, 137, 400 
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(14) D. G. Sharp, D. Beard and J. W. Beard, J. Biol. Chem., 182, 270 
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(15) N. W. Taylor, H. T. Epstein and M. A. LauSer, THIS JOURNAL, 
77, 1270 (1955). 

(16) G. Scatchard, Amer. Scientist, 40, 61 (1952). 

macromolecular component and v is often inter
preted as the number of moles of component three 
bound by one mole of component two. The coef
ficient v is equal to ^imz/'bm^T.p.ni as can be seen 
by differentiating the last expression and taking the 
limit as m2 approaches zero. (The term (5m3/ 
dm2) T,p,m = 0 since at equilibrium /13 = ni and 
maintaining n's constant requires m'% constant.) 
Thus, in an equilibrium dialysis study of, for ex
ample, tobacco mosaic virus, sucrose and water one 
should find the concentration of sucrose greater out
side the dialysis bag. Such concentration differ
ences could probably be measured by differential 
refractometry and have a decided advantage over 
the ultracentrifugal method in that a can be meas
ured as a function of sucrose concentration. This 
information can, in turn, be used to obtain the de
pendence of the friction constant on the concentra
tion of sucrose by means of equation 1. If this 
were known it would be possible to estimate p0 for 
those systems (e.g., sodium deoxyribonucleate-
water-sucrose4) in which V2 < F3. For systems of 
this kind, i.e., for systems in which it is impossible to 
achieve S = O even when the volume fraction of 
component three approaches unity, knowledge of 
the dependence of fy' on the concentration of compo
nent three is essential in estimating p0. 

The theory presented has serious limitations even 
within its framework of negligible heat effects, since 
it is well known that the shape of the macromolecule 
affects the entropy of mixing. As an example of 
the limitation we can consider the probable effect on 
P0 of distorting a large spherical molecule into a long 
thin rod. According to Kauzmann's simple pic
ture, one can anticipate that p0 for the thin rod 
would be considerably smaller than p0 for the 
sphere, implying a dependence of p0 on the amount 
of surface per unit volume of the macromolecule. 
Such a dependence is ignored by the formulation 
given here, but more detailed treatments of the 
heat and entropy of mixing for coil-like molecules 
in binary solvents are currently available.17'18 
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